arXiv:1508.02090vl [math.AP] 9 Aug 2015 


Singular Liouville Equations on S‘^: Sharp Inequalities and 

Existence Results 


Gabriele Mancini* 


Abstract 

We prove a sharp Onofri-type inequality and non-existence of extremals for a Moser- 
Tudinger functional on in the presence of potential having positive order singularities. 
We also investigate the existence of critical points and give some sufficient conditions under 
symmetry or nondegeneracy assumptions. 


1 Introduction 

In this work we study sharp Onofri-type inequalities on the standard Euclidean sphere {S‘^,go), 
and existence of critical points for a singular Moser-Trudinger functional. Given a smooth, 
closed surface S, and m points pi,... ,Pm G E, we consider the functional 

Jp{u) = iVupdug +J^u dvg - plog (^1^ he^dvg^ (1) 

where /i is a positive singular potential satisfying 

/i G G°°(S\{pi,... ,pm}) and h{x) Ki d{x,pi)'^°‘with ai >—1 near pi, (2) 

i = 1,... ,m. Functionals of this this kind were first introduced, for the regular case m = 0, by 
Moser m, iH]), in connection to the study of the Gaussian curvature equation on compact 
surfaces and Nirenberg’s problem on S'^. They also have a role in spectral analysis due to 
Polyakov’s formula (see [23], [23], |22|, |2T]). In the case m > 0, the functional ([T]) appears in the 
problem of prescribing the Gaussian curvature of Riemannian metrics with conical singularities. 
We recall that a metric on S with conical singularities of order ai,, am > — 1 in pi,... ,pm, is 
a metric of the form e^g where g is smooth metric on E, and u G C°°(E\{pi,... ,Pm}) satisfies 

\u{x) -I- 2ai log d{x,pi)\ < C near pi, i = 1,... ,m. 
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It is possible to prove (see Proposition 2.1 in m) that a metric of this form has Gaussian 
curvature K if and only if u is a distributional solution of the Ganssian curvature equation 

m 

— AgU = 2Ke^ — 2Kg — dvr ^ Oli5p^. (3) 

i=l 


where Kg is the Gaussian curvature of {T,,g). If x(S) + YllLi 7^ 0 and Kg is constant, (l3|) is 
equivalent to the singular Liouville equation 


- AgU = p 


Ke^ 


Ie Ke'^dvg 


1 \ ™ 

— - dvr ^ ai { ^ 


i=l 


for 


P = Pgeom ■= dvT x(S) + ^ 




2 = 1 


Denoting by G the Green’s function of that is the solution of 


(4) 

(5) 


I -AgG{x, •) = 4 on S 
I fEG(x,y)dvg(y) =0, 

the change of variable u <—> tt + dvr (^iG{x,pi) reduces (jl|) to 

A f he^ 1 \ 

^ 1^1/ 

that is the Euler-Lagrange equation of the functional ([I]) corresponding to the potential 

h{x) 


( 6 ) 

(7) 

( 8 ) 


which satisfies ([2|). Equations (|3|) and ([7]) have also been widely studied in mathematical physics. 
For example, they appear in the description of Abelian vortices in Ghern-Simmons-Higgs theory, 
and have applications in Snpercondnctivity and Electroweak theory ( [2B] , [13] ). We refer to |3| , 
izi, 0, m, m, m, ini, for some recent existence resnlts. 

A fundamental role in the variational analysis of ([T|) is played by singular versions of the standard 
Moser-Trudinger inequality (see |18l I27j i. In [27], Troyanov proved that, for every function h 
satisfying m, there exists a constant G = G{h,g, S) such that 


V u € i7^(S), where a = min < 0, min a* >. In particular the functional J? is bounded from 

( l<i<m j ^ 

below V /? G (0,87r(l + a)] and is coercive for p € (0,87r(l + a)). Furthermore, it is possible to 
prove that the constant is sharp, that is 

inf =—oo Vp>87r(l + a). 
ffi(S) ^ 

In the special case m = 0, h = 1 and (S,g) = (S^,go), a sharp version of Q was proved by 
Onofri in m- 
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Theorem A (Onofri’s inequality [20]). V tt G we have 

(i I, "“■’'*»») - L 

with equality holding if and only if e^go is a metric on 5^ with positive constant Gaussian 
curvature, or, equivalently, u = log | det d^p\ + c with c G M and (p : S'^ —>■ 5^ a conformal 
diffeomorphism of S'^. 


Motivated by this result, in m we started the study Onofri-type inequalities and existence of 
energy-minimizing solutions on S'^ for the potential 

h{x) = 

(i.e. ([8]) with K = 1), and we extended Theorem |A] to the cases m = 1, and m = 2 with 

minjai,02} < 0. 

Theorem B ([l7|). If h = with a ^ 0, then V u G 


1 

dvr ./g 2 


log ( / he^-^dvg 


< 


1 


^ " Ihvr min{l, 1-I-a} Jg 2 
Moreover equation ([7]) has no solution for p = 8 tt min{l, 1 + a} 


iVttpdugo -|- max {a, — log(l -|- a)} . 


Theorem C ([IZ]). If h = e 47ra2Gp2 = min{ai,a 2 } < 0, then 

Vug 

(i; i. s 

If cq 7^ CK 2 there is no function realizing equality and no solution of dZD for p = 87r(l -|- af), 
while if ai = 02 then equality holds for u if and only if the following equivalent conditions are 
satisfied: 


• u is a solution of dZD for p = 87r(l + oi). 

• he^g is a metric with constant positive Gaussian curvature and conical singularities of 
order Oj in pi, i = 1,2. 


If TT denotes the stereographic projection from pi, then 

(l + |^|2)i+m \ 

l + eA|y|2(l+ai) J 

for some A, c G M. 


u o vr {y) =2 log 


+ c 


We stress that the critical parameter /? = 87r(l + a) is generally different from the geometric 
parameter ([5]) (except for some special cases, for example m = 2 and oi = 02 < 0), thus critical 
points cannot always be interpreted in terms of metrics with prescribed curvature. 

In this paper we will assume ([8j) with a* > 0 for 1 < i < m and 

K G C“(52) := {/ G : f{x) >0 V x G 5^} . 

Our first result is a further extension of Onofri’s inequality. 
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Theorem 1.1. Assume that h satisfies ([8]) with K € and oi,... , 0 ^ > 0, then 

inf = — Svrloff max/i. 

52 

Moreover Jp has no minimum point, unless ai = ... = am = 0 (or, equivalently, m = 0) and 
K is constant. 


Clearly, the sharp value of the constant C{h, S‘^,go) is given by 

thus Theorem o is equivalent to the following sharp inequality: 

Corollary 1.1. If h satisfies (l8|) with K G Cff{S'^) and oi,... ,am > 0, then V tt G we 

have 


log 


— [ 

Itt Js2 


/ie“ ^dvgp ) < - / jVttpdugp +logmax/i 


IGvr 


/52 


52 


with equality holding if and only if m = 0, K is constant and u realizes equality in Theorem HI 


Theorem 11.11 states that Jg^ has no minimum point, but does not exclude the existence of 
different kinds on critical points. In contrast to Theorem [Cl if > 0 for 1 < i < m, we will 
show that in many cases it is possible to find saddle points of Jg^. A simple example is given by 
the case in which h is axially symmetric. In this case an improved Moser-Trudinger inequality 
allows to minimize Jg^ in the class of axially symmetric functions and find a solution of ([7]). 

Theorem 1.2. Assume that h satisfies ([8|) with m = 2, pi = —p 2 , min{Q:i,a 2 } = cei > 0 and 
K G axially symmetric with respect to the direction identified by pi and p 2 . Then the 

Liouville equation (0 has an axially symmetric solution \/p G (0,87r(l -|- ai)). 


In the last part of the paper we prove further general existence results using the Leray-Schauder 
degree theory introduced in m, [H], m, m and m- Solutions of 0 on the space 


Ho:= 


|uG 



( 10 ) 


can be obtained as solutions of Tp{u) + u = 0 where Tp : Hq - 

/ie“ 1 


Hq is defined by 


-1 


Itt 

In [ 13 ], Chen and Lin computed the Leray-Schauder degree 

dp = degisild + Tp, 0, Br{0)) 


( 11 ) 


( 12 ) 


for 

p ^ r(Q;i,..., ak) 


Svrfco -I- 87r^ A:j(l -|- 


Oil 


2 = 1 


/cq G N, /cj G {0,1}, 'y ^ ki 

i=0 



(13) 


If m > 2, one has dp 7 ^ 0 for any p G ( 0 , 87 r(l -|-a))\ 87 rN. While Theorem 11.11 implies blow-up 
as p Sir, we can find solutions for p = Svr by taking p Svr, provided the Laplacian of K is 
not too large at the critical points of h. 
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Theorem 1.3. If h satisfies ([8]) with K G m >2, ai,..., Om > 0 and 


Agp logK{x) < E“< (“) 

i=l 

V X G S such that Vh{x) = 0, then equation ([7]) has a solution for p = Svr. 

The same strategy can be used for p = Sfcvr, with k < 1 + ai. 

Theorem 1.4. If h satisfies ([8]) with K G m >2, 0 < ai < ... < am and 

m 

Agologi7(x) < ^ai + 2(l-A;) (15) 

i=l 

V X G 5^, then equation ([7]) has a solution for p = Skir, A: < 1 + oi. 

Note that Theorems [Q] and 11.41 can be applied in the case K = 1. If the sign condition (fTT|) is 
not satished, then it is not possible to exclude blow-up of solutions as p —)■ 87r. However, as 
it is pointed out in the introduction of under some non-degeneracy assumptions on h, the 
Leray Schauder degree dsn is well defined and can be explicitly computed by taking into account 
the contributions of all the blowing-up families of solutions. In particular one can prove that 
dg-K 7^ 0 under one of the following conditions. 

Theorem 1.5. Let h be a Morse function on S‘^\{pi,... ,Pm} satisfying ([8]) with K G C^{S‘^), 
m > 0, Um > 0 and assume log h 0 at all the critical points of h. If h has r local 

maxima and s saddle points in which Ag^h < 0, then equation ([7|) has a solution for p = 8 tt 

provided r s + 1. 

Theorem 1.6. Let h be a Morse function on S‘^\{pi,... ,Pm} satisfying ([8]) with K G 
m >0, oi,..., Om > 0 and assume Ag^ log h 0 at all the critical points of h. If h has r' local 

minima in S‘^\{pi,. ■ ■ ^Pm} o-nd s' saddle points in which Ag^h > 0, then equation ([7|) has a 

solution for p = Sir provided s' r' + d, where 

{ 2 m>2, 

0 m = 1, 

—1 m = 0. 

In the regular case m = 0, Theorem 11.51 was first proved by Chang and Yang in [9] using a 
min-max scheme. A different proof was later given by Struwe [25] through a geometric flow 
approach. 


2 Proof of the Main Results 

The proof of Theorem 11.11 is a rather simple consequence of Theorem jA] 
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Proof of Theorem I j.iL Let us consider 


47r(^^) := ^ iVupdugo + dvgo - STTlog e^dvg^ 

By Theorem [A] we have J8^(u) > 0 V u G H^{S'^). The condition ai,... ,am > 0 guarantees 
h G C'°(S'^). Thus we have 

J^iu) > \ ( \Vu\^dvgg + 2 / u dvgg - Svrlog ( ^max/i / e^dvgA = (16) 

IJS2 Js2 V47r S2 Js2 J 

= JIAu) — Svrlog max/i > —Svrlog max/i. 

o/i ^2 g2 

Since e“ > 0 on S"^, equality can hold only if 


h = max h 
S2 


which, by dH]), is possible only if ai = ... = am = 0 and K is constant. To complete the proof 

it is sufficient to observe that the lower bound in (I16h is sharp. Let us fix a point p G such 

that h{p) = max/i, and consider the stereographic projection vr : S'^\{p} —>■ M^. For t > 0 we 
52 

define ut := log | detdyvtl, where {<^i}t>o is the family of conformal diffeomorphisms of S"^ that, 
in the local coordinates determined by vr, corresponds to the family of dilations of M^, namely 

=ty VyGM^. 


By Theorem lAl we have =0 V t > 0. Moreover it is straightforward to verify that 



= 4vr 


and e“* ^ 4vr5p weakly as measures on 8“^ for t ^ 00 . Thus, one has 




—8vr log 



t—>-oo 


—8vr log h{p) 


—8vr log max/i. 
52 


□ 

Let us now focus on the case of two antipodal singular points pi = —p 2 - Given any point 
peS'^ we consider the space 

Hrad,p ■= {u G : 3 If : [—1,1] —^ M measurable s.t. u{x) = v{x ■ p) for a.e. re G 5^} . 

Lemma 2.1. Suppose m = 2, min{ai,Q; 2 } = ai > 0 and p 2 = —pi- If h is a positive function 
satisfying m, then the Moser-Trudinger functional Jp is bounded from below on Hrad,pi for any 
p G (0,8vr(l + ai)). 
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Proof. Let us consider 


g-47rai(G(a:,pi)+G(x,p2))^ 

Since h = < ;^maxiL(x)e^^(“i"" 2 )G(x,p 2 ) i|. sufficient to prove that 

XGS^ 

the functional 

Jpiu) := J^(n) = l^ufdvgo ^ Jg2'^ - plog j^le'^dvgg'^ 


is bounded from below for any p < 87r(l + ai). Let us consider Euclidean coordinates (xi, X 2 , xa) 
on 5^ such that pi = (0,0,—1), p 2 = (0,0,1), and let vr be the stereographic projection from 

the point p 2 - Given a function tt G (5^) we define ?;(|?/|) := (u(7r“^(y))), Va^iy) :=u(|y|i+“i) 
and Ucu(x) := Ucu(|7r(x)|). Then we have 


I* noo p-\-oo P 

/ iVupdugo = 27r / t\v'{t)\'^dt = (l+ai) / (sjpds = (1+ai) / \S/uai\'^dvgg, (17) 

Js^ Jo Jo Js^ 


I ^2(l+ai) 

and, using that sup --— < +oo, 


t>0 (l + t2)l+«l 


/ 

Js^ 


he^dvgg = Svr 


/■ 




L 


+00 ^2ai+lgi;„,^(tl+“l) 


----- ^dt < Cn, I -W71-- TTl^dt = 

+ 00 gg«ai(s) 


(l + t2)2(l+ai)“‘' - (l+i2 (l+ai))2 


/ 


4Cq,i I _j_ g2^2 *""1 


(18) 


Finally, V e > 0, t G K 

|u(t) - Ucu(t)| < 



1 

pt ^+“1 


1 

^G+“i 

2 


< 

/ u'(s) ds 

< 

/ s i;'(s)pds 


ai , , 


Jt 


Jt 


1 + «! 


< 


from which 


^ + G,ai|logt| 


/ u dvgo - / Uai dVgg 

Js^ 7s 


< Svr 


'■+°° \v{t) - Vc,,{t)\ 


(l+t2)2 


<e||Vu||i + G,„ 


ai • 


(19) 


(fT71) . (fTSl) . (IT^ and the Moser-Trudinger inequality (l9|) imply 


Jp{u)>{l + ai)[--pe] / \S/uaifdvgf^+p I Ua^dvgg-plog 


ls'2 


[ 

Js‘2 


-/ 

dvr Js 2 


= (i+“i) ( (5 - I, '“s ( 4 ^ I 

if p < 87r(l + ai) and s is sufficiently small. 




90 


e °^^dvgg I 


Ce,ai,p P C^^a^^p 


□ 
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Remark 2.1. Arguing as in 11 , it is possible to describe the behavior of sequences of minimum 
points of Jp in o,s p 87 r(H-ai) to prove that also <^ 87 ^( 1 + 01 ) bounded from below. 

Moreover if K = 1 and a\= a 2 = ol then we have 




1 


tS '2 " J 167 r(l + a) ^52 

with equality holding for 


\Vu\'^dvgo + a- log(l + a) V tt € Rrad,pi (*5^), 


o TT ^{y) = 2 log 


(l + |y|2)l+« \ 


l + eA|y| 2 (l+a) j 

where A, c € M and tt is the stereographic projection from pi. 


+ c, 


Proof of Theorem \1.^ By Lemma im V p < 87 r(l + ai) 3 5p, Cp > 0 such that 

Jp{u) > 5 [ \Vu\^dvg, - Cp 
Js^ 


V u G Hrad,pi ■ Thus Jp is coercive on the space 


U G Hrad,pi} J ^ ' 

and by direct methods we can find a minimum point of Jjj in Since h G Hladp^^ 

Palais’ criticality principle (see Remark 11.4 in [T]), this minimum point is a solution of ([Tj). □ 

As a consequence of Theorems 11.11 and 11.21 we obtain a multiplicity result for equation (j7|). 
Indeed we can observe that if p < Svr is sufficiently close to Svr, one has 

min < min 

•UGH1(S2) ^ u£H^ad,pi ^ 

Corollary 2.1. Suppose h satisfies the hypotheses of Theorem \1. Si There exists eo > 0 such 
that V p G ( 87 r — eo, 87 r), equation ([7]) has at least two solutions u, v such that u G T[pad,pi 
V & H\S^)\Hrad,p,- 

Proof. For any p < Stt let us take two functions Up G H^{S‘^),Vp G Hrad,pi, such that 


J^(up) = min Jp, Jp^(up) = min J^(u) and / Updvg^ = 

Hrad,p^(S^) JS JT. 


Updvg^ = / VpdVgf, = 0 . 


We claim that, for e sufficiently small and p G (87r — e,87r), Up ^ Hrad,pi and in particular 
Up Vp. Assume by contradiction that there exists a sequence pn Stt for which Up^ G Hrad,pi- 
Then, applying Lemma l2.1l as in the proof Theorem II.2t we would have 

Jp^iupJ >6 f iVup^pdupo - C 

J 

for some 5, C > 0. Therefore ||Vtip „||2 would be uniformly bounded and, up to subsequences, 
Up^ ^ tt in with Jg^^iu) = infj;^i( 52 ) Jg^^. This is not possible because we know by 

Theorem 11.11 that Jg,^ has no minimum point. □ 





Now we will discuss some sufficient conditions for the existence of solutions of m, without 
symmetry assumptions on h. Let Hq, Tp, dp and r(Q:i,... ,am) be defined as in (fTOll . (fTTjl . (fl^ 
and (jl3p . First of all we recall a well known result concerning blow-up analysis for sequences of 
solutions. 

Proposition 2.1 (See [2], [5]). Let {T,,g) be a compact Riemannian surface and let h be a 
function satisfying ([8]) with K G (7^(11). If Un is a sequence of solutions of on H with 
P = Pn —> P o-nd fjj Undvg = 0, Then, up to subsequences, one of the following holds: 

(i) \un\ < C with C depending only on ai,., am, maxs K, mins K and p. 

(ii) (blow-up). There exists a finite set S = {qi, ■ ■ ■ ,qk} such that Un —> —oo uniformly 

on compact subsets of T,\S. Moreover j /((tZdv A ~ ^ 

T,\{pi,... ,pm} and fit = 87r(l -h afi if q^ = pj for some 1 <j <m. 

Clearly case (ii) is possible only if p G r(ai,... ,am)- As a direct consequence of Proposition 
I2.1l we get that, if FI is a compact subset of (0, -|-oo)\r(ai,..., an), the set of all the solutions of 
Q in Hq with p G FI is a bounded subset Hq. This bound depends only on FI, oi,... , am and 
on maxs K, mins K, thus, using the homotopy invariance of the Leray-Schauder degree, one can 
prove that, if R is chosen sufficiently large, dp is well defined and does not depend on R and K. 
Moreover dp is constant on every connected component of (0, -|-oo)\r(ai,..., an)- In [13] Chen 
and Lin introduced the generating function 


g{x) := (1 + X + . .)™-2 JJ(1 - 

i=\ 


and observed that 

g{x) 

where ni < n 2 < < ... are such that 


1 + 

1=1 


( 20 ) 


r{ai,... ,am) = {87mj : j > 1}. 

Theorem D ( [T3] ). Let h be a function satisfying ([8|), then for p G (87rnfc, 87rnfc+i) we have 

k 

d, = Y.i>, 

1=0 


where bo = 1 and bj are the coefficients in m. 

As a consequence of this formula, © has a solution for any p G (0,87r(l -I- Q:i))\87rN. 

Lemma 2.2. Suppose that h satisfies Q with K G Cffi{S‘^), m > 2 and 0 < oi < ... < am- 
Then equation © has a solution V p G (0,87r(l -|- Q;i))\87rN. 
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Proof. Indeed the first negative coefficient appearing in the expansion 


g{x) = (1 + X + ...)™' ^ ]^(1 “ x^^“*) = 1 + ^ 

i=l j=l 


is the coefficient of i.e. 

OO 

9ix) = Yl 

j=0 

with bo = 1 and bj > 0 for any j > 1 such that nj < 1 + ai. From Theorem [D] it follows that 
dp > 1 for p G (0,87r(l + ai))\87rN. □ 

Remark 2.2. Lemma \2.2\ only holds for m > 2. Indeed for m = 1 and K = 1 one can use a 
Pohozaev-type identity (see m) to prove that (0) has no solutions for p G [Svr, 87r(l + ai)]. 

Remark 2.3. A different proof of Lemma Ig.ill was given in m by Bartolucci and Malchiodi 
using topological methods. 


By Proposition 12.11 if pn —> Skir with k < 1 + ai, then any blowing-up sequence of solutions 
of (0) must concentrate around exactly k points qi,... ,qk G S\{pi,... ,Pm}- A more precise 
description of the blow-up set is given in [10] (see also m, [13]): 

Proposition 2.2 f|10j. |12jl. Let Un be a sequence of solutions of 0) with p = Pn — 87rk and 
k < 1 + ai. If alternative (ii) of Proposition \2.1\ holds, then Un has exactly k blow-up points 
qi,... ,qk G S\{pi,... ,pm} and {qi,... ,qk) is a critical point of the function 

k / 

fh{xi ,... ,Xfc) := ^ log h{xj) + '^G{xi,Xj) 
i=i \ ¥j 

in 

{(xi,... ,Xfc) G (5^)'^ : Xif^Xj fori^j}. 

Moreover we have 

k 

Pn - Sfcvr = ^ HQj,n)~^ (Ago log h{qj^n) + 2{k - 1)) -b 0(e“A,n) 
i=i 

where qj^n are the local maxima of Un near qj and Xj^n = 'Un('?j,n)- 

Proof of Theorems \1.3l and \1.4\ Take a sequence pn \ ^k-n and a solution Un G Rq of ([7]) for 
p = Pn- By Propositions 12. 11 12.21 and standard elliptic estimates, either Un is uniformly bounded 
in for any <7 > 1 or blows-up at (gi,... ,qk) G S\{pi,... ,Pm}- In the former case 

we have Un —^ u in and u satisfies (0) with p = Sirk. The latter case can be excluded 

using (fTi|) , (fl^ . Indeed we have 


m 

Ag^log h{qj) + 2{k - 1) = Ago log iF - ^ a* -b 2(A: - 1) < 0 

i=l 
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for any j. Denoting qj^n the maximum point of Un near qj and Xj^n = Un{qj,n)i by Proposition 
12.21 we get 

k 

Pn - SttA: = ^ (Ago \ogh{qj^n) + 2{k - 1)) + 0(e"^^>) = 

i=i "" 

k 

= ^ HQj)~^ (Ago log h{qj) + 2{k - 1)) + o(Ag-< 0 

i=i 

which contradicts pn \ Sfevr. □ 

In order to prove Theorems 11.51 [LGl we need to compute the Leray-Schauder degree for p = Svr. 

Lemma 2.3. Let h be a function satisfying ([8]) with K € C^(S) and > 0. If 

Ag^h{q) 7 ^ 0 for any q € S\{pi,... ,Pm} critical point of h, then dgn is well defined. 

Proof It is sufficient to prove that the set of solutions of d?]) in Hq with p = Svr is a bounded 
subset of Hq. Assume by contradiction that there exists Un € Hq solution of ([7]) for p = Svr such 
that ||tin||i?o —> + 00 . By Propositions 12.11 and 12.21 there exists q G S\{pi,... ,Pm} such that 
Un Sndq, Vh{q) = 0 and 

0 = Ago log h{qn)Xne~^" + 0(e“^") = h{q)~‘^Ag^h{q)Xne~^^ + o(Ane“^") 

where A^ := maxs Un and Un{qn) = Xn. Since Ag^hi^q) ^ 0 this is not possible. □ 

Under nondegeneracy assumptions, Chen and Lin proved that for any critical q point of h there 
exists a blowing-up sequence of solutions which concentrates at q. Moreover they were able to 
compute the total contribution to the Leray-Schauder degree of all the solutions concentrating 
at q. 

Proposition 2.3 (see nn, m ). Assume that h is a Morse function on S\{pi,... ,Pm}- Given 
a critical point q G S\{pi,... ,Pm} of h, the total contribution to dgw of all the solutions of ijT]) 
concentrating at q is equal to sgn(p — 87r)(—1)“'^^, where indp is the Morse index of p as critical 
point of h. 

Proof of Theorems D.51 D.hl Let us denote 

A_ = {g G S\{pi,... ,pm} : Vh{q) = 0, Aggh{q) < 0} , 

A+ = {g G S\{pi,... ,pm} : Vh{q) = 0, Aggh{q) > 0} . 

By Proposition 12.31 we have 

^8- = 1 - E = ^ + E (-l)“^^ 

gCA- <JSA+ 
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where d is the Leray-Schauder degree for p G (Svr, Svr + e). Clearly A_ contains only the local 
maxima of h and the saddle points of h in which < 0 , thus 


= I - r + s. 


Therefore we get existence of solutions if r 7 ^ s + 1. Similarly we have 

d^T, = d — s' + r' 

and we get solutions if s' ^ r' + d. d can be computed using Theorem iDl If m > 2, 

g{x) = 1 + X + ■... d = 2. 

If m = 1 we have 


If m = 0, then 

This concludes the proof. 


g{x) :=l-x- ^ d = 0. 

g{x) = 1 — 2x + x"^ d=—l. 


□ 
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